We employ the relative category to develop a relation of the Ważewski pair (N, E) and the Morse decomposition of the maximal invariant set in N \ E. From this relation, we obtain a dynamical system version of critical point theorem with relative category.
Introduction
In the field of dynamical systems, invariant sets are of great significance and particular interests, in that they can determine and describe much of the long-term dynamics of a system. Equilibria, (almost) periodic solutions, homoclinic (heteroclinic) orbits and attractors are typical examples of compact invariant sets. It is therefore of great importance to study the existence, number and the location of compact invariant sets for a given dynamical system.
Early in 1940s, Ważewski introduced the famous Ważewski's Retract Theorem ( [22, 23] ) to give the existence of invariant sets. Roughly speaking, this theorem states that for a given flow and a closed subset N (a Ważewski set) of the phase space, the existence of a solution entirely contained in N can be deduced from the assumption that the exit set N − of N is not a deformation retract of N . The Ważewski's Retract Theorem appeared to be a powerful way to develop topological
Preliminaries
This section is concerned with some preliminaries. Let X be a topological space and A, B ⊂ X with A ⊂ B. We denote by A the closure of A in X and by int B ( The set A is said to be sequentially compact, if each sequence x n in A has a subsequence converging to a point x ∈ A. It is a basic knowledge that if X is a metric space, then sequential compactness coincides with compactness.
HEP and quotient spaces
Let X be a topological space. Given a closed subset A of X, the pair (X, A) is said to have the homotopy extension property (HEP for short), if for every space Y and continuous mapping F : X × {0} ∪ A × I → Y , there exists a continuous map F : X × I → Y such that F is an extension of F . Let A and B be two closed subsets of X. The quotient space B/A is defined as follows.
we choose a single isolated point * / ∈ B and define B/A to be the space B ∪ { * } equipped with the sum topology. In the latter case we still use the notation [A] to denote the base point * .
Local semiflows and gradient semiflows
Let X be a topological space. The space X is always assumed to be a Hausdorff topological space and sometimes to be a metric space if necessary.
is an open subset of R + × X, and Φ enjoys the following properties:
The number T x in (1) is called the maximal existence time of Φ(t, x). In the case when D(Φ) = R + × X, we simply call Φ a global semiflow.
Let Φ be a given local semiflow on X. For notational convenience, we will rewrite Φ(t, x) as
A subset N of X is said to be admissible, if for arbitrary sequences x n ∈ N and t n → +∞ with Φ([0, t n ])x n ⊂ N for all n, the sequence of the end points Φ(t n )x n has a convergent subsequence. The subset N is strongly admissible if N is admissible and Φ does not explode in N .
Since the phase space X may be infinite-dimensional, to overcome the difficulty due to the lack of compactness of X, we always assume that Φ is asymptotically compact, that is, each bounded subset B of X is admissible.
A solution (trajectory) on an interval J ⊂ R is a map γ : J → X satisfying
A full solution γ is a solution defined on the whole line R. If x ∈ X is such that Φ(t)x = x for all t ≥ 0, we say x is an equilibrium.
The ω-limit set and α-limit set of a solution γ are defined as follows: if γ is defined on an interval containing [0, ∞), it is defined that
Given an invariant set K ⊂ N ⊂ X, we define the local stable and unstable manifold, W s N (K) and W u N (K) of K in N as follows:
where γ is a solution and ω(·) and α(·) are limit sets. If N = X is the whole phase space, we simply write W s (K) = W s X (K) and W u (K) = W u X (K). Let M and B be two subsets of X. We say that M attracts B, if T x = ∞ for all x ∈ B and moreover, for each neighbourhood V of M there exists T > 0 such that
A nonempty sequentially compact invariant set A ⊂ X is said to be an attractor of Φ, if it attracts a neighbourhood U of A and A is the maximal sequentially compact invariant set in U . It can referred to [21, Remark 2 .5] about the discussion and comparison of this definition and the previous ones of attractor.
Let A be an attractor.
Set
Ω(A) is called the region of attraction (or attraction basin) of A. One can easily verify that Ω(A) is open; moreover, A attracts each compact subset of Ω(A), see [12] . In the case when Ω(A) = X, we simply call A the global attractor of Φ. Let K ⊂ X be a closed subset and U be a subset of
If moreover the level set ζ a = {x ∈ Ω : ζ(x) ≤ a} is closed in X for every a ≥ 0, we say ζ is a K ∞ 0 function of A on Ω. If X is a metric space and A is a nonempty closed subset of X, then the distance
Thus we conclude a simple lemma.
Lemma 2.3. Let A be a closed subset and U be an open subset of a metric space
Let A be an attractor and Ω : = Ω(A) be the region of attraction of A. A nonnegative continuous function ζ : Ω → R + is said to be a Lyapunov function of A, if ζ is a K 0 function of A on Ω, and ζ(Φ(t)x) < ζ(x) for each x ∈ Ω \ A and t > 0.
Morse decompositions of invariant sets
For the reader's convenience, we recall briefly the definition of Morse decompositions of invariant sets.
Let K be a compact invariant set. Then the restriction
The attractor sequence of A k (k = 0, 1, · · · , n) is often called the Morse filtration of K, and each M k is called a Morse set of K.
Proposition 2.5. Let M = {M 1 , · · · , M l } be the Morse decomposition of an compact invariant set K with the Morse filtration {A 0 , · · · , A l }. Then the following statements hold:
compact invariant sets and pairwise disjoint;
(2) if γ is a full solution in K, then one and only one of the following conditions holds:
where γ is a full solution.
Ważewski Pairs and Quotient Flows
In this section, we recall the Ważewski pair and some properties of quotient flows (see [20] ), and develop some new related conclusions for this paper. We always assume the phase space X to be a complete metric space with the metric d(·, ·).
Let A, N be subsets of X. A is said to be N -
x ⊂ A, for every x ∈ N ∩ A and t ≥ 0. When N = X, N -positively invariance is just the positively invariance. For an arbitrary subset N ⊂ X, define a function t N :
Given a subset A of X, we always denote by I(A) the maximal invariant set in A. When A is strongly admissible, I(A) is compact, see [15] . Let (N, E) be a Ważewski pair with H = N \ E. We say (N, E) is a Ważewski pair of I(H) if it is necessary to emphasize the compact invariant set I(H). 
There are natural simple results about transversal Ważewski pairs as follows.
Proof. The first conclusion is a simple deduction. For the second one, given x ∈ N \ W s N (K), we easily know that t H (x) < ∞. Then the continuity is given by Ważewski's theorem (see, [4] ).
Given a Ważewski pair (N, E), we now consider the pointed space (N/E, [E]). Define a quotient flow Φ of Φ on N/E as follows:
Since E is N -positively invariant, it can be easily seen that Φ(t) is a well defined semigroup on N/E. Moreover, Φ is a continuous on R + × N/E and N/E is strongly admissible for Φ. Proof. The first conclusion is similar to the results of Lemmas 4.6 and 4.7 in [20] . The proof is just a slight modification of the proofs of the two lemmas, by using the framework of topological dynamical systems ( [12] Let (N, E) be a Ważewski pair and Φ be the quotient flow on N/E. Then according to our previous paper [21] , we know that every attractor A of Φ containing [E] has a K ∞ 0 Lyapunov function on Ω(A). Actually, we have much more information for this Lyapunov function.
2)
where A = π −1 (A), π : N ∪ E → N/E is the quotient map and B(A, a) is the set of all points in X with the distance from A less that a.
Proof. The construction of ζ can be referred to the proof of Theorem 2.6 in [21] . What we need to do is to check (3.2) . For this we are necessary to recall some necessary constructions of ζ. 
It is obvious that for each a ≥ 0, 
Relative Category and Morse Decomposition

Relative category
In this section we recall the concept of relative category (see [24] ). Let X be a topological space and I = [0, 1].
A closed subset A is contractible in X, if there exists h ∈ C(I × A, X), the set of all continuous maps from I × A to X, such that, for every u, v ∈ A, h(0, u) = u, h(1, u) = h(1, v). Let Y ⊂ A be closed subsets of X. The category of A in X relative to Y is the least n ∈ N + ∪ {∞} such that there exists n + 1 closed subsets A 0 , A 1 , · · · , A n of X satisfying
(2) A 1 , · · · , A n are contractible in X, and
We denote the category of A in X relative to Y by cat X,Y (A). The category of A in X is defined by cat X (A) := cat X,∅ (A).
Let A, B, Y be closed subsets of X such that Y ⊂ A. The relative category has the following basic properties: The property given by Proposition 4.5 is called the continuity property.
Relative category and Morse decomposition
Let X be a complete metric space with the metric d(·, ·). Let Φ be a semiflow on X, (N, E) a transversal Ważewski pair for Φ, H = N \ E and K = I(H). In the following discussion of this section, we always assume E ⊂ N .
The main theorem of this paper is the following one.
Theorem 4.6. Let Φ be a local semiflow on X and (N, E) be a transversal Ważewski pair of K for Φ. Let {M 1 , · · · , M n } be a Morse decomposition of K. Suppose that N is an ANE. Then
Remark 4.7. Given a compact isolated invariant set K, note that (K, ∅) is also a transversal Ważewski pair. Let {M 1 , · · · , M n } be a Morse decomposition of K. Then by Theorem 4.6, we have
This is actually a generalization of Sanjurjo [18, Lemma 4] .
Before demonstrating Theorem 4.6, we first provide some auxiliary definitions and constructions for semiflows and some necessary results. Proof. If A∪E = ∅, then one can easily verify that K is an attractor in N and hence W u N (K) = K. In such a case F = ∅ fulfills all the requirements of the lemma.
Assume that A ∪ E = ∅. Now we consider the quotient flow Φ on N/E. Since A be an attractor in K for Φ, [A] must be an attractor in [K] for Φ. By Proposition 2.5 and Lemma 3.4, we know that {[E]} and [A] are the first two Morse sets of of the global attractor of Φ. Then the set
is an attractor including [E] for Φ. So A has a K ∞ 0 Lyapunov function ζ on Ω(A). For each a > 0, define F a = π −1 (ζ a ), where π : N → N/E is the quotient map. Since ζ a is a closed neighborhood of A, F a is a closed neighborhood of W u N (A) ∪ E in N . Also since ζ is a K ∞ 0 Lyapunov function ζ on Ω(A), then clearly F a is an exit set of N and (N, F a ) is transversal. We now finish the proof.
Let C be a closed neighborhood of K in H with C ∩ E = ∅. Define a set
Then we have the following consequences. (1) C s N ∩ E = ∅ and C s N is closed.
Proof. We only consider the case when C = ∅, since Lemma 4.9 clearly holds if C = ∅.
(1) Since C ∩ E = ∅, it is clear that C s N ∩ E = ∅. Let x n ∈ C s N be a sequence such that x n → x 0 . It is sufficient to show x 0 ∈ C s N for the closedness. By definition (4.2), we have t n ≥ 0 such that Φ(t n )x n ∈ C. If t n is bounded, we can assume t n → t 0 and then by the closedness of C, Φ(t n )x n → Φ(t 0 )x 0 ∈ C. This implies that x 0 ∈ C s N . If t n is unbounded, we can assume t n → ∞ and then by the admissibility (see [15] ), x 0 ∈ W s N (K). Note that W s N (K) ⊂ C s N . Therefore C s N is closed. (2) We only need to show that every point x ∈ W s N (K) allows an open neighborhood U in N such that U ⊂ C s N . If this is not true, then there is a sequence N ∋ x n → x such that for all t ≥ 0 satisfying Φ([0, t])x n ⊂ N , the end point Φ(t)x n is not contained in C.
If t H (x n ) is bounded, we can assume t H (x n ) → t 0 and then
, which is also a contradiction and ends the proof. Proof. If K = ∅, let F = N and C = ∅ and we are done. Hence we assume K = ∅ in the following. Note that K itself is an attractor in K. We follow the proof of Lemma 4.8. By Theorem 3.5, setting A ′ = π −1 (A), we have F a ⊂ B(A ′ , a), where A is the global attractor of Φ in N/E. By (3.1), one has
where H a = F a \ E. By the properties of strong admissibility (see [15] ), W u H a (K) is compact and W s F a (K) is closed. By Proposition 4.5, we can take an open neighborhood B of K in U such that 2δ := d(B, E) > 0.
Suppose the conclusion does not hold true. Then we have two positive sequences ε n → 0 and a n → 0 with B(K, ε n ) ⊂ B and a n < δ such that there is x n ∈ (B H (K, ε n )) s F an \ B, where B H (K, ε) = B(K, ε) ∩ H. By the definition (4.2), there is t n ≥ 0 such that Φ([0, t n ])x n ∩ B = ∅ and y n := Φ(t n )x n ∈ ∂B.
This indicates that
, a n ) Hence y n has a convergent subsequence (still denoted by y n ) such that
Note still y n ∈ (B H (K, ε n )) s F an \ B(K, ε n ). By (4.2) again, there is s n ≥ 0 such that Φ([0, s n ])y n ⊂ F an and z n := Φ(s n )y n ∈ ∂B(K, ε n ), and so z n can be assumed to converge to z 0 ∈ K. If s n is bounded, we can assume s n → s 0 and then Φ(s n )y n → Φ(s 0 )y 0 = z 0 ∈ K. This means Φ([0, ∞))y 0 ⊂ H δ and ω(y 0 ) ⊂ A. So y 0 ∈ W s H δ (K); if s n is unbounded, we can assume s n → ∞, and by the admissibility, we also have y 0 ∈ W s H δ (K). Recalling (4.3), we have y 0 ∈ K ∩ ∂B, a contradiction! (1) If K = ∅, then E is an SDR of N .
(2) Let A be an attractor in K. If there are two closed subsets F 1 and
is a Ważewski pair of A for i = 1, 2, then cat N,E (F 1 ) = cat N,E (F 2 ).
Proof. (1) Let H = N \ E. Since K = ∅, it is easy to see that t H (x) < ∞ for every x ∈ N . By Then one can easily check that h is a strong deformation retraction of N onto E.
(2) When (F i , E) is a Ważewski pair of A for i = 1, 2, we see (F 1 ∩ F 2 , E) is also a Ważewski pair of A. By Lemma 4.8, there is a subset F 3 of F 1 ∩ F 2 such that (F 3 , E) is a Ważewski pair of A and (F i , F 3 ) is transversal for i = 1, 2. Moreover, (F i , F 3 ) is a Ważewski pair of ∅ for both i = 1, 2. By the conclusion above, we have F i ≺ E F 3 and hence by homotopy and monotonicity of relative category, we have In particular, if (N, E) is transversal, we have cat N,E (N ) ≤ cat N (K).
Proof. By the continuity property of relative category, there is a closed neighborhood B of M in N such that cat N (M ) = cat N (B). which complete the proof. We now only need to show the claim that (F ′ , F ) is a Ważewski pair of ∅. By Lemma 4.9,
Thereby,
Denote H ′ = F ′ \ F . If I(H ′ ) = ∅, then t H ′ (x) = ∞ for some x ∈ H ′ , since F ′ ⊂ G ′ and G ′ is N -positively invariant, we have ω(x) ⊂ I(G ′ \ F ) = M.
We can infer that x ∈ W s G ′ (M ) and obtain a contradiction finally. Now we are prepared to show Theorem 4.6. Proof of Theorem 4.6. For k = 0, 1, · · · , n, let
which is an attractor in K. We are to show the following assertion.
(A) for every Ważewski pair (F, E) of A k ,
cat N (M i ), k = 0, · · · , n. When k = n, (A) implies the final consequence of this theorem. Now it suffices to show the assertion (A). We show it by induction.
(1) When k = 0, A 0 = ∅. Then (E, E) is a Ważewski pair of A 0 and so cat N,E (E) = 0. By Lemma 4.11, (A) surely holds true.
(2) We show that if (A) holds for k = l, l = 0, · · · , n − 1, then (A) also holds for k = l + 1.
